In this paper, we prove the Hamilton-Tian conjecture for Kähler-Ricci flow based on a recent work of Liu-Székelyhidi on Tian's partical C 0 -estimate for poralized Kähler metrics with Ricci bounded below. The Yau-Tian-Donaldson conjecture for the existence of Kähler-Einstein metrics on Fano manifolds will be also discussed.
Introduction
Let (M, J, ω 0 ) be a Fano manifold and ω t a solution of normalized Kähler-Ricci flow,
The Hamilton-Tian conjecture asserts [23] :
Any sequence of (M, ω t ) contains a subsequence converging to a length space (M ∞ , ω ∞ ) in the Gromov-Hausdorff topology and (M ∞ , ω ∞ ) is a smooth Kähler-Ricci soliton outside a closed subset S, called the singular set, of codimension at least 4. Moreover, this subsequence of (M, ω t ) converges locally to the regular part of (M ∞ , ω ∞ ) in the Cheeger-Gromov topology.
Recall that a Kähler-Ricci soliton on a complex manifold M is a pair (ω, v), where v is a holomorphic vector field on M and ω is a Kähler metric on M , such that Ric(ω) − ω = L v (ω), (1.2) where L v is the Lie derivative along v. If v = 0, the Kähler-Ricci soliton becomes a Kähler-Einstein metric. The uniqueness theorem in [31] states that a Kähler-Ricci soliton on a compact complex manifold, if it exists, must be unique modulo Aut(M ). 1 Furthermore, v lies in the center of Lie algebra of a reductive part of auto-morphisms group Aut(M ).
The Gromov-Hausdorff convergence part in the Hamilton-Tian conjecture follows from Perelman's non-collapsing result and Zhang's upper volume estimate [38] . More recently, there were very significant progresses on this conjecture, first by Tian and Zhang in dimension less than 4 [34] , then by Chen-Wang [7] and Bamler [1] in higher dimensions. In fact, Bamler proved a generalized version of the conjecture.
The purpose of paper is to give a new proof to the Hamilton-Tian conjecture by using a recent result of Liu-Székelyhidi on Tian's partical C 0 -estimate for poralized Kähler metrics with Ricci bounded below [15] . More precisely, we prove Theorem 1.1. For any sequence of (M, ω t ) in (1.1), there is a subsequence t i → ∞ and a Q-Fano varietyM ∞ with klt singularities such that ω ti is locally C ∞ -convergent to a Kähler-Ricci soliton ω ∞ on Reg(M ∞ ). Moreover, ω ∞ can be extended to a singular Kähler-Ricci soliton onM ∞ with a continuous Kähler potential and the completion of (Reg(M ∞ ), ω ∞ ) is isometric to the global limit (M ∞ , ω ′ ∞ ) of ω ti in sense of Gromov-Hausdorff. In addition, ω ∞ is a singular Kähler-Einstein metrics, M ∞ is homeomorphic toM ∞ .
In [15] , Liu-Székelyhidi proved the following partial C 0 estimate. Theorem 2.2. Given n, D, v > 0, there is a positive integer l and a real number b > 0 with the following property: Suppose that (M, L, ω) is a polarized Kähler manifold with ω ∈ 2πc 1 (L) such that
Then for any x ∈ M it holds,
Such an inequality (2.3) was called the partial C 0 estimate by Tian [24, 25, 26, 28] . The upper bound of ρ l (M, ω) can be also obtained by using the standard Moser iteration (for examples, see [13, Lemma 3.2] ). By (2.3), we can write ω as a metric with bounded potential using the Fubini-Study metric as the background metric. In fact, if the orthonormal basis {s α } (0 ≤ α ≤ N ) defines an embedding Φ, then we have
By the gradient estimate of s α and the lower bound of ρ l (M, ω) ( [25, 9, 30] ), it holds that
Based on the partial C 0 estimate, Liu-Székelyhidi proved
sequence of polarized Kähler manifolds such that
• L i is a Hermitian holomorphic line bundle with hermitian metric h i such that R(h i ) = ω i ;
• The sequence (M n i , ω i ) converges in the Gromov-Hausdorff sense to a limit metric space (X, d ∞ ).
Then X is homeomorphic to a normal variety. More precisely, there is a positive integer l = l(n, d, v) such that the orthonormal basis of H 0 (M i , L l i , ω i ) defines an embeddingΦ i . Then by taking a subsequenceΦ i (M i ) converges to a normal variety W in CP N as cycles, and X is homeomorphic to W . Remark 2.4. According to the proof of Theorem 2.3 [15] , the limitΦ ∞ of mapsΦ i actually gives a homeomorphism from X to W .
We can choose the same positive integer in the above two theorems. Applying Liu-Székelyhidi's result, Theorem 2.2 to the Kähler metrics evolved in (1.1), Zhang proved very recently in [39] , Proposition 2.5. Assume that (M, ω t ) is the solution of (1.1). Then there exists a positive integer l = l(M, ω 0 ) and a positive real
By Proposition 2.5, one can define a holomorphic map Φ t : M → CP N by an orthonormal basis of H 0 (M, K −l M , ω t ) for any t ∈ (0, ∞). In the following, we apply Theorem 2.3 to get a normal variety structure for the limit of images Φ t (M ) in CP N in sense of algebraic geometry.
2.2.
Partial C 0 estimate for Kähler-Ricci flow. Let ω t = ω 0 + √ −1∂∂φ t be the solution of (1.1). Then
The following estimates are due to G. Perelman. We refer the reader to [19] for their proof.
Lemma 2.6. There are constants c > 0 and C > 0 depending only on the initial metric ω 0 such that the following is true:
Proposition 2.7. Given any sequence t i → ∞, there is a subsequence, which is still denoted as t i , such that the embedding of M by an orthonormal basis
Proof. Let η t be the solution of
where h t is the Ricci potential of ω t chosen as in Lemma 2.6. By the Yau's solution to Calabi's problem [36] , (2.8) can be solved. Moreover, since
by the moser iteration (cf. [31] ) together with Zhang's Sobolev inequality [37] , 
where C > 0 is a uniform constant. Thus by taking a subsequence, we have A(t i ) → A ∈ GL(N + 1; C). Hence, the embedding by {s α ti } converges to A • W . The proposition is proved. We note by (2.9) and (2.11) that there is also a partial C 0 -estimate for the metrics ω ti as in Proposition 2.5. Namely,
Denoting the embedding of {s α ti } by Φ i , we haveM i = Φ i (M ) converging to a normal varietyM ∞ by Proposition 2.7. Thus where C s is the Sobolev constant of (M, ω ti ), which is uniformly controlled [37] . Thus as in (2.4), we have 
Moreover, we can write
where ψ s i is uniformly bounded independently of i and s.
Taking the derivative at s, we get
Thus by the maximum principle,
As a consequence,
which means the volume elements are equivalent between ω ti+s and ω ti . Hence, as in the proof of Proposition 2.7, there is an invertible matrix
where C > 0 is a uniform constant independent of i, s. Therefore, there is a uniform constant c > 0 such that
By (2.20) and (2.21), similar to (2.14), we also have the partial C 0 -estimate for metrics ω ti+s ,
Thus we have an analogy of (2.16),
Combining this with (2.23), we derive (2.17).
It is easy to see that 
Then (2.20) still holds. Thus we can follows the argument in the case for s ∈ [0, 1] to (2.27).
Local higher C k,α -estimate
In this section, we derive local higher C k,α -estimate for ψ s i in Proposition 2.8.
Choose an exhausting open sets Ω γ ⊂M ∞ . Then by Proposition 2.7, there are diffeomorphisms Ψ i γ :
Proof. Leth i be Ricci potential ofω i . Then ψ s i satisfies the complex Monge-Ampére equation,
is the Ricci potential of (Φ −1 i ) * ω ti+s , which is uniformly bounded by Lemma 2.6. Thus by (2.16), we get (3.2). On the other hand, by
Hence, the regularity of (3.4) implies that 
Proof. As above, we denote the Ricci potential ofω i byh i . Then it is easy to see that ψ s i satisfieṡ Now we consider the restricted flow of (3.6), 
By the regularity for the uniformly elliptic equation, we also obtain (3.10) immediately.
Repeating the above argument, we will prove Proposition 3.2.
Since Ψ * iω i is locally C k -uniformly convergent toω ∞ , the Ricci potentialh i ofω i converges to a smooth functionh ∞ on reg(M ∞ ). On the other hand, by taking a diagonal subsequence of
. Thus by the equation (3.6), the Ricci potentialψ s i of ω ti+s is also converges to a smooth limit function h ∞ on reg(M ∞ ). Moreover, h ∞ is uniformly bounded inM ∞ . Hence, we get Perelman's entropy λ(·) depends on his W-functional [17] . In our case, for ω g ∈ 2πc 1 (M, J), W-functional can be expressed as (cf. [35] ),
where R(g) is a scalar curvature of g and (g, f ) satisfies a normalization condition
Then λ(g) is defined by
It is well-known that λ(g) can be attained by some smooth function f (cf. [18] ). In fact, such a f satisfies the Euler-Lagrange equation of W(g, ·),
Following Perelman's computation in [17] , we can deduce the first variation of λ(g),
where Ric(g) denotes the Ricci tensor of g and ∇ 2 f is the Hessian of f . Hence, g is a critical point of λ(·) in 2πc 1 (M, J) if and only if g is a gradient shrinking Kähler-Ricci soliton which satisfies
where f is a minimizer of W(g, ·). Namely, ω satisfies (1.2) with the holomorphic vector field
Denote the minimizer of evolved metric g t in (1.1) by f t . Then by (4.3), we get
The following lemma is due to [35, Theorem 7.1] .
There is a uniform constant C such that
We note that (4.2) is equivalent to
where
Consider the restricted equation of (4.7) on eachΩ i γ for metrics ω ti+s in Proposition 3.2. Then by Lemma 4.1 and Proposition 3.2, we get the higher order regularity for f ti+s ,
Proof. Since λ(g t ) is uniformly bounded, by (4.5), it is easy to see that there is a sequence of
By the regularities in Proposition 3.2 and (4.8), we may assume that f ti+si converges a smooth function f ∞ on reg(M ∞ ) while h ti+si converges to h ∞ as in Corollary 3.3. Thus we get f ∞ = −h ∞ + const., ∂∂f ∞ = 0, on reg(M ∞ ). (4.9)
The second relation implies that
is a holomorphic vector field on reg(M ∞ ). Moreover,
where ω ∞ =ω ∞ + √ −1∂∂ψ ∞ and ψ ∞ is the limit of ψ si i as in Corollary 3.3. Hence, ω ∞ is a Kähler-Ricci soliton on reg(M ∞ ).
We call a L ∞ Kähler potential φ has full mass onM ∞ [4] ifM
Proposition 4.3. The normal varietyM ∞ in Proposition 2.7 is Q-Fano with klt-singularities and the solution ψ ∞ of (3.11) in Corollary 3.3 can be extended to a continuous Kähler potential onM ∞ with full mass.
Proof. By (3.11) and (4.11), it is easy to see that
Moreover, by a result of Ding-Tian [10] 
can be regarded as a global current and Monge-Ampére measure ω n ∞ is well-defined onM ∞ . Thus (4.12) holds forω ∞ onM ∞ as a current. This means that K −m M∞ is a restriction of the line bundle O(−1, CP N ).
Letθ X and θ X be the potentials of X in (4.10) associated to metricsω ∞ and ω ∞ , respectively. Thenθ
, where ψ ∞ is the solution of (3.11). On the other hand, by (2.15), we have
By the gradient estimate of h t in (2.6), we also have
Note thatM ∞ is normal variety with singularities at least complex 2-codimensions. Therefore, X can be extended to a holomorphic vector field on CP N . Now we can use the argument in [4, Proposition 3.8] to conclude that a Q-Fano variety, which admits a Kähler-Ricci soliton, has klt singularities. In particular, eh ∞ ∈ L p (M ∞ ,ω ∞ ), for some p > 1. Let π :M ∞ →M ∞ be a resolution ofM ∞ . Since eh ∞−ψ∞ −h∞ωn ∞ is a Lebsegue measure, (π * (ω ∞ ) + √ −1∂∂ψ ∞ (π)) n can be extended to a global complex Monge-Ampére measure onM ∞ such that (π * (ω ∞ ) + √ −1∂∂ψ ∞ (π)) n = e (h∞−ψ∞−h∞)(π) (π * (ω ∞ )) n = e fωn , whereω is a smooth Kähler metric and e f is a L p -function (p > 1) onM ∞ , respectively. By a result in [11] (also see [4, Lemma 3.6]), we conclude that ψ ∞ (π) is a continuous function onM ∞ . Thus ψ ∞ is a continuous function onM ∞ . By choosing a sequence of deceasing smooth functions
Thus ψ ∞ has full mass. 
By Proposition 4.3, we introduce
is called a singular Kähler-Ricci soliton on X if there is a holomorphic vector field v on X such that ω is smooth on Reg(X) with continuous Kähler potential ϕ on X such that it satisfies Kähler-Ricci soliton equation on X as a current,
where θ v is a bounded potential of v associated to ω.
By a result of Berndtsson [5] (also see [4] ), the uniqueness theorem of Tian-Zhu for Kähler-Ricci solitons can be generalized to Q-Fano varieties with klt-singularities.
We also need the following lemma. 7) . Then there is a uniform constant C ′ γ which depends only on γ such that
Proof. By (2.8) and (3.4), we have
By the gradient estimate ofs α ti and the lower bound of ρ l (M, η ti ) together with (2.11), we know that
Thus by (4.15) and the relation (2.27), we also get
By Proposition 3.2, there is a subsequence of ψ 0 i (still denoted by the same) such that (4.17) in local C ∞ -topology as i, γ → ∞, where ψ 0 ∞ is smooth uniformly bounded on Reg(M ∞ ). On the other hand, by Lemma 4.5, we can apply the regularity for uniformly elliptic equations to (4.15) to see that
Thus there is a subsequence of κ ti (still denoted by the same) such that 
Proof. Since eh ∞−ψ 0 ∞ can be lifted as a L p -function (p > 1) on the resolution ofM ∞ , (κ ∞ + ψ 0 ∞ ) is a continuous function onM ∞ as ψ ∞ in Proposition 4.3. Thus as in (4.13), we getM
namely, ψ 0 ∞ has full mass. Hence, by (4.17), we obtain
is an open set of smooth part of the Gromov-Hausdroff limit (X, d ∞ ) of (M, η ti ). Then the completion Reg(M ∞ ), η ∞ ) of (Reg(M ∞ ), η ∞ ) is contained in (X, d ∞ ). Suppose that
It follows that there is a sequence of r-geodesic balls B r (ω ti ) ⊂ (M, ω ti ) which converges to an open set V ⊂ U in Gromov-Hausdroff topology. Thus for any fixed γ, there is an i γ such that
On the other hand, by Zhang's result [39] ,
But this is a contradiction with (4.21)! Therefore, it must be
X is homeomorphic toM ∞ by Theorem 2.3.
4.1.
Proof of Theorem 1.1. We are ready to prove Theorem 1.1. First we prove the convergence of ω ti . Thus by the uniqueness result of Berndtsson for singular Kähler-Ricci solitons [5] ω ∞ should be same as ω ∞ after a holomorphic transformation onM ∞ . In particular,ω ∞ is also a singular Kähler-Eintstein metric onM ∞ . Since ((Φ i Ψ i γ ) −1 ) * ω ti+si is locally C k -uniformly convergent tō ω ∞ , Ricci potential h ti+si ((Φ i Ψ i γ ) −1 ) of ω ti+si converges to zero locally in C k on reg(M ∞ ). On the other hand, by (3.7) and (3.9), we have
Thus we see that Ricci potential h ti ((Φ i Ψ i γ ) −1 ) of ω ti converges to zero locally in C ∞ -topology on reg(M ∞ ). Hence, ω ti is locally C ∞ -uniformly convergent to a singular Kähler-Eintstein metric oñ M ∞ . By the uniqueness of singular Kähler-Eintstein metrics, we prove the lemma.
Proof of Theorem 1.1. The local C ∞ -convergence of ω ti+si to ω ∞ on Reg(M ∞ ) follows from the proof of Corollary 3.3. In fact,
is an open set of smooth part of the Gromov-Hausdroff limit
. On the other hand, by (4.13), we havêM
Thus by (4.24), we getˆ(
Thus as in the proof of Corllary 4.6, there is a sequence of r-geodesic balls
However, by the Perelaman's non-collapsed property in Lemma 2.6-1), we have
Therefore, we obtain a contradiction from the above two inequalities and prove that (Reg(M ∞ , ω ∞ )) = (M ∞ , ω ′ ∞ ). (4. 28) In case that ω ∞ is a singular Kähler-Einstein metric onM ∞ , by Lemma 4.7, ω ti (perhaps after taking a subsequence) converges to ω ∞ onM ∞ . Thus by the relation (4.18), we get
Moreover, both of η ∞ and ω ∞ are satisfied globally as a current in [ω ∞ ] onM ∞ by the following complex Monge-Ampére equation,
, where e f is a L p -function (p > 1) with respect toω ∞ . Thus by the uniqueness of solutions of complex Monge-Ampére equation [3, 11] ,
Hence, by (4.22) and (4.28), we prove (ω ′ ∞ ) n .
Then by the local convergence of ω ti+si , it is easy to see that for any 
where ψ = ψ t (0 ≤ t ≤ 1) is a path of Kähler potentials in 2πc 1 (M ) connecting 0 to ϕ. In case that µ(·) is bounded below, it was proved in [35, Proposition 4.2] . Proof of Corollary 1.2. By the stability theorem [40] , it suffices to prove that there are sequences of {ω ti } in (1.1) and auto-morphisms Ψ i in Aut(M ) such that Ψ * i ω ti converges smoothly to a Kähler-Einstein metric on M . However, By Theorem 1.1, any sequences {ω ti } (perhaps after taking a subsequence) converges to a singular Kähler-Ricci soliton ω ∞ on a Q-Fano varietyM ∞ with klt-singularities. By Lemma 4.2, together with (4.9) and (4.30), we see that ω ∞ is in fact a singular Kähler-Einstein metric onM ∞ . Thus by Tian's generalized Matsushima theorem [29] , M ∞ must be reductive. As a consequence, by a well-known result in algebraic geometry, there exists a C * -action G 0 = {σ t (v)} ⊂ SL(N + 1, C) such that σ t (v) degenerates toM ∞ as t → ∞. SinceM ∞ is a Kähler-Einstein variety, Ding-Tian's generalized Futaki-invariant F M (v) will vanish for the action G 0 [10] .
We claim thatM ∞ is biholomorphic to M . Then by the regularity of singular Kähler-Einstein metrics (cf. [13, 4] ), ω ∞ is in fact a smooth Kähler-Einstein manifold on M and the corollary follows. On contrary, the C * -action G 0 will be nontrivial, i.e, G 0 is not one-parameter subgroup in the automorphisms group of M . Thus by the condition of K-stability, we have
But this is impossible! Corollary 1.2 is proved. By the monotonicity of λ(g t ), we see that L(g) exists and it is finite. We shall give an explicit computation of L(g).
By (4.11), h ∞ is a potential of holomorphic vector field v. For simplicity, we write it by θ v . Then by the estimate (4.6) in Lemma 4.1, we have
We will normalize it byˆM ∞ e θv ω n ∞ =ˆM ω n 0 = V.
We recall a notation in [35] by
By Jensen's inequality, it is easy to see that Proof. We note by (4.31) that On the other hand, by (4.8) together with the relation (4.29), it is easy to see that lim ti+si λ(g ti+si ) = W(ω ∞ , −θ v ).
Hence by the monotonicity of λ(g t ), we get (4.32).
The following proposition give a weak rigidity for the limit of Kähler-Ricci flow (1.1).
Proposition 4.13. Let (M, ω t ) be a Kähler-Ricci flow (1.1) with an initial metric ω g . Then the following two statements are true. 1) There is a sequence in (M, ω t ) such that the limit is a singular Kähler-Einstein metric (or Kähler-Ricci soliton) in the Hamilton-Tian conjecture if and only if any limit of is a singular Kähler-Einstein metric (or Kähler-Ricci soliton).
2) If there is a sequence of (M, ω t ) such that the limit is a singular Kähler-Einstein metric in the Hamilton-Tian conjecture, then sup{λ(g ′ )| ω g ′ ∈ 2πc 1 (M, J)} = (2π) −n V. Proof. 1). By Theorem 1.1, any sequence {ω ti } (perhaps after taking a subsequence) in (M, ω t ) converges to a singular Kähler-Ricci soliton (ω ∞ , v) on a Q-Fano varietyM ∞ with klt-singularities. By (4.33) in Lemma 4.12, L(g) is independent of choice of sequences. In other words, N v (ω ∞ ) is independent of limit ω ∞ . Moreover, N v (ω ∞ ) = 0 if and only if ω ∞ is a singular Kähler-Einstein metric. Hence, 1) is true.
2). In case that there is a limit of singular Kähler-Einstein metric (M ∞ , ω ∞ ) for some sequence of (M, ω t ), by Lemma 4.12, lim t λ(g t ) = (2π) −n V.
Note that λ(g ′ ) ≤ W(ω g ′ , 0) = (2π) −n V, ∀ ω g ′ ∈ 2πc 1 (M, J).
Thus we get (4.33) immediately. Based on Proposition (4.13), we propose the following conjecture. Conjecture 4.14 gives an analytic character to a K semi-stable Fano manifold in terms of Perelaman's entropy. We note that the necessary part is true according to the proof in Corollary 1.2 since the K semi-stability is equivalent to the lower bound of K-energy by a theorem of Li-Sun [15] .
